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The Zee model, which employs the standard Higgs scalar (φ) with its duplicate (φ0) and a
singly charged scalar (h+), can utilize two global symmetries associated with the conservation of the
numbers of φ and φ0, Nφ,φ′ , where Nφ +Nφ′ coincides with the hypercharge while Nφ −Nφ′ ( X)
is a new conserved charge, which is identical to Le − Lµ − Lτ for the left-handed leptons. Charged
leptons turn out to have e-µ and e-τ mixing masses, which are found to be crucial for the large solar
neutrino mixing. In an extended version of the Zee model with an extra triplet Higgs scalar (s),
neutrino oscillations are described by three steps: 1) the maximal atmospheric mixing is induced by
democratic mass terms supplied by s with X=2 that can initiate the type II seesaw mechanism for
the smallness of these masses; 2) the maximal solar neutrino mixing is triggered by the creation of
radiative masses by h+ with X = 0; 3) the large solar neutrino mixing is finally induced by a νµ-ντ
mixing arising from the rotation of the radiative mass terms as a result of the diagonalization that
converts e-µ and e-τ mixing masses into the electron mass.
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The experimental conrmation of neutrino oscillations has been rst given by the Super-Kamiokande collaboration
(Super-K) [1] for atmospheric neutrinos and the clear evidence of the solar neutrino oscillations has lately been released
by the SNO collaboration [2] in their observation of a non-electron flavor active neutrino component in the solar flux.
Atmospheric neutrinos are known to exhibit maximal mixing of µ with τ and it has also been suggested for solar
neutrinos that solutions with large mixing angles are favored while solutions with small mixing angles are disfavored
in the recent Super-K report on the detailed analysis of solar neutrino oscillations [3]. Therefore, both observed
oscillations are characterized by large neutrino mixings with sin2 223  1.0 and m2atm  3:0  10−3 eV2 [4] for
atmospheric neutrinos and with sin2 212  0.8 and m2  4:5  10−5 eV2 [5] for solar neutrinos corresponding to
the most favorable large mixing angle (LMA) MSW solution.
Neutrino oscillations occur if neutrinos have masses [6]. Since the oscillation data imply very tiny masses of
O(10−2) eV, one has to explain why neutrinos have such tiny masses [7,8]. Neutrinos can be massive Majorana
particles without their right-handed partners, whose masses are radiatively generated by the mechanism as discussed
by Zee [8]. This radiative mechanism indeed characterizes an underlying physics generating tiny neutrino masses. To
be phenomenologically consistent, it is suggested [9] to use the bimaximal mixing scheme [10,11] based on a global
Le−Lµ−Lτ ( L0) symmetry [12,13]. Since the Zee model only supplies flavor-o-diagonal mass terms, its bimaximal
structure is inevitable to accommodate observed neutrino oscillations. As a result, we end up with the maximal solar
neutrino mixings with sin2 212  1 [14]. Recent extensive analyses on solar neutrino data have, however, indicated
that such a maximal solar mixing angle is not well compatible with the data, which prefer sin2 212  0:8 [5].
In this paper, we extend the Zee model with the L0 symmetry to accommodate the LMA solution without the
maximal solar neutrino mixing [15,16]. The original Zee model consists of leptons ( e,µ,τL and ‘
e,µ,τ
R ), two SU(2)L-
doublet Higgs scalars (, 0) and one SU(2)L-singlet charged scalar (h+), where 0 is constrained to couple to no




leptons. However, such a constraint on the interactions of 0 should be determined by a certain underlying symmetry.
We introduce the invariance imposed by two global symmetries associated with the numbers of  and 0, Nφ and Nφ′ .
It will be shown that Nφ +Nφ′ coincides with the hypercharge. The orthogonal combination, Nφ−Nφ′ , turns out to
be a new conserved quantum number, which is identical to Le − Lµ − Lτ for the left-handed leptons. As a result, 0
is allowed to couple to  and  and, at the same time,  is constrained to have couplings of e- and e- [15]. Since
o-diagonal mass terms for charged leptons are generated by , neutrino mixings are aected by the diagonalization
of these charged lepton mass terms, which will be used to explain sin2 212 6= 1.
In order to realize sin2 212 6= 1, the simplest resolution is to include flavor-diagonal mass terms. It is because the
main source of sin2 212  1 in the Zee model comes from the constraint on neutrino masses m1,2,3 of m1 +m2+m3=0







to supply flavor-diagonal mass terms. Tree level neutrino masses are generated by the vacuum expectation value of
s, h0js0j0i, via interactions of  cLs L, where the subscript c denotes the charge conjugation including the G-parity of
SU(2)L. The smallness of the neutrino masses is ascribed to that of h0js0j0i, which is given by  (h0jj0i=ms)2 with
h0jj0i produced by the combined eects of ysc and m2sTr(sys), where  and ms are mass parameters. The type
II seesaw mechanism [18] can be used to ensure tiny neutrino masses by the dynamical requirement of jh0jj0ij  ms
with   ms.
In the next section, we present a possible neutrino mass matrix to be diagonalized by two mixing angles, 12 for the
e-µ mixing and 23 for the mu-τ mixing, from which one can nd which elements make sin2 212 less than unity.
In Sec.III, we explain the role of two conserved charges of Nφ,φ′ and show the Yukawa and Higgs interactions, which
provide radiative neutrino masses for e-µ and e-τ and charged lepton masses for e- and e- . The diagonalization
of the charged lepton masses is performed in Sec.IV and also shown is sucient suppression of possible flavor-changing
interactions, which are generated by  and 0 since charged leptons simultaneously couple to these Higgs scalars. Solar
neutrino oscillations are found to exhibit the large mixing of sin2 212  0:8 as a result of the rotation. The last section
is devoted to summary and discussions.
I. NEUTRINO MASS TEXTURE
Before discussing how neutrino masses and oscillations really come out, we rst examine which flavor neutrino mass
terms aects the deviation of sin2 212 from unity. The mass matrix given by Mν of the form of [15,19]
Mν =
0
@ a b c(= −t23b)b d e







can be diagonalized by UMNS dened by
UMNS =
0
@ cos 12 sin 12 0− cos 23 sin 12 cos 23 cos 12 sin 23
sin 23 sin 12 − sin 23 cos 12 cos 23
1
A ; (3)
where t23 = sin 23= cos 23, which transforms jmassi = (1; 2; 3)T with masses of (m1;m2;m3) into jweaki =
(e; µ; τ )T : jweaki = UMNS jmassi. The masses and 12 are calculated to be [20]:









; m2 = ( ! − in m1) ;















where jm1j < jm2j is always maintained by adjusting the sign of  (= 1). The relation of Eq.(5) shows that the
signicant deviation of sin2 212 from unity is only possible if jxj = O(1), namely, (a− d+ t23e)2 = O(b2 + c2). In our
subsequent discussions, the solution of a = 0 and (d− t23e)2 = O(b2 + c2) is realized.
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Let us briefly examine Eqs.(4) and (5) in the Zee model. Since the Zee mass matrix is parameterized by a = d = 0,





















where jt23j = 1 is used for m2atm. It is obvious that the requirement of jxj = O(1) for the large solar neutrino
mixing gives m2 = O(m2atm), which contradicts with the observed result. More explicitly, the mixing angle 12 is
computed to be: [21]
sin2 212 =
4jm1m2j
(jm1j+ jm2j)2 ; (7)
Since (m2 −m1)2  m23 is derived, sin2 212  1 is expected because of jm2atmj  jm2j implying jm1j  jm2j. In
fact, one can readily nd that
m21 =
(






















3)=2 as expected, which can be derived
by the use of m1 +m2 +m3 = 0. The approximation of jm2atmj  jm2j, nally, gives sin2 212 expressed as: [14]






This result is entirely based on the constraint of m1 +m2 +m3 = 0, which enables us to relate m21,2,3 to m2atm and
m2, This constraint is violated by the inclusion of diagonal masses supplied by s.
We start with the \ideal" solution [22] with t23 = 1 ( ) given by
Mνideal =
0




which provides m1 = m2 = 0 and m3 = 2d and the maximal atmospheric mixing. The deviation from this solution
that yields b(= brad) 6= 0 and c(= crad) 6= 0 as eµ- and eτ -terms is caused by radiative eects, leading to Mν1 :
Mν1 =
0




which provides the bimaximal neutrino mixing for brad = −crad. The diagonalization of the charged lepton masses
generates an extra µτ -term (=drot) through the rotation of brad and crad, which gives (d − t23e)2 = O(b2 + c2),
leading to Mν2 :
Mν2 =
0
@ 0 brad cradbrad d d+ drot
crad d + drot d
1
A ; (12)
which nally provides the large solar neutrino mixing.
II. MODEL
To realize interactions that yield the \ideal" solution of Eq.(10) and radiative neutrino masses in the specic entries
of eµ and eτ as in Eq.(11), we require all interactions to be invariant under the transformations of two symmetries,
U(1)φ and U(1)φ′ associated with Nφ and Nφ′ , where (Nφ, Nφ′) = (1, 0) for ; = (0, 1) for 0; = (0, −1) for  eL; =
3
(−1, 0) for  µ,τL ; = (−2, 0) for ‘eR; = (−1, −1) for ‘µ,τR ; = (1, 1) for h+; and = (2, 0) for s. Similarly, the ordinary
lepton number, L, is given by L = 1 for leptons, L = −2 for h+ and s and L = 0 for  and 0. These quantum numbers
are tabulated in TABLE I. One can recognize that Nφ +Nφ′ is nothing but the hypercharge (Y ) and that Nφ −Nφ′
coincides with L0 for  e,µ,τL . Because  has Nφ = Y and Nφ′ = 0, this charge assignment is readily extended to quarks
such that the conservation of Nφ,φ′ is respected by Yukawa couplings of quarks to  if Nφ = Y and Nφ′ = 0 are
assigned to quarks. But, 0 is forbidden to couple to quarks. Since leptons couple to both  and 0, our model yields
additional contributions to the well-established low-energy phenomenology of leptons including those from dangerous
flavor-changing interactions, which cause rare decays such as  ! ; ee; γ and  ! eee; eγ. It will be shown
that these interactions are well suppressed.







































where f ’s stand for coupling constants and the subscripts of [ij] and fijg, respectively, denote the symmetrization and
antisymmetrization with respect to i and j. The masses of  and  are taken to be diagonal for simplicity. To meet
the \ideal" solution of Eq.(10), we set ffµµg = ffττg = ffµτg. Although this solution may require other dynamics
or a certain symmetry restriction such as the one from a permutation symmetry of S2 for the  and  [20,23], we
do not further pursue such appropriate physical reasons. Instead, we examine how the large solar neutrino mixing is
implemented [24] in our radiative mechanism by adopting this \ideal" solution.
Higgs interactions are described by usual Hermitian terms composed of ’’y (’ = , 0, h+, s) and by non-Hermitian
terms in
V0 = 0cy0h+y + cys0ch+y + ysc + (h:c:); (14)
where 0 and  represent mass scales and  stands for a Higgs coupling. Other possible couplings are forbidden by the
conservation of Nφ−Nφ′ . This situation can be read o from TABLE II, where L, Nφ, Nφ′ and Nφ−Nφ′ for possible
Higgs interactions are listed. However, Nφ and Nφ′ are to be spontaneously broken and a Nambu-Goldstone boson
associated with Nφ +Nφ′ is absorbed by the gauge bosons of SU(2)LU(1)Y , but the one associated with Nφ−Nφ′
remains massless. To avoid the appearance of the massless Nambu-Goldstone boson is achieved by introducing a soft
breaking term found in TABLE II.
The use of the conservation of Nφ−Nφ′ organizes mass terms of neutrinos and charged leptons such that e-i terms
and i-j terms (i; j=; ) have dierent origins, which are translated into the appearance of a generalized L0 symmetry,
which is identical to L0 for  e,µ,τL . It should be noted that another advantage of using U(1)φ−φ′ lies in the suppression
mechanism for a divergent term of ee at the two loop level, which would require a tree level mass term of ee as a
counter term. This is caused by the interaction of (h+h+)y det s as depicted in FIG.1(a). Although this type of the
diagram is forbidden by U(1)φ−φ′ , it is in fact allowed by the formation of h0j0j0i 6= 0 and h0j00j0i 6= 0, which yields
FIG.1(b) through the interactions of cy0h+y and ysc. However, this diagram leads to the nite convergent term.
III. NEUTRINO OSCILLATIONS
A. Charged leptons
Since charged lepton masses include o-diagonal terms, the form of the neutrino mass matrix is aected by the
diagonalization process of charged lepton masses so as to maintain diagonal weak currents. The Yukawa couplings of
Eq.(13) provide the charged lepton mass matrix, M `0 , parameterized by
M `0 =
0






arising from h0jM `0 (; 0) j0i with M `0 (; 0) dened by
M `0 (; 
0) =
0
@ 0 fφµ fφτ fφµ fφ′µ 0 0


















i vφ′ ; (17)
for vφ (vφ′) = h0j0j0i (h0j00j0i) and should at least satisfy jm`eij  jm0i j to meet the hierarchy of me  mµ  mτ .
To realize me  mµ  mτ requires new physics beyond the standard physics; however, we do not intend to discuss
how the hierarchy is physically explained but we simply use the parameterization based on the \hierarchical" one [26]
to examine its influence on neutrino oscillations [27].
It is straight forward to reach U` that transforms M `0 into M
` = U y`M
`


















































which give the upper bounds on reµ,eτ :
jreµj <
q
me=mµ; jreτ j <
p
me=mτ ; (21)
respectively, from me  r2eµm0µ  r2eµmµ and me  r2eτm0τ  r2eτmτ .




0)U` (= M `(; 0)) contain flavor-o-diagonal couplings. We nd that M ` (; 0) is calculated to be:






@ − (2φ − φ′)me (φ − φ′) reµm0µ(φ − φ′) reµm0µ φ′ + (2φ − φ′) r2eµm0µ






(φ − φ′) reτm0τ











where φ = =vφ and φ′ = 0=vφ′ , which induces flavor-changing interactions for  and . Of course, Eq.(22) with the
identication of φ′ with φ, corresponding to the case of the standard model, only contains diagonal Higgs couplings
giving rise to diag.(−me, mµ, mτ ). The flavor-changing interactions are roughly controlled by the suppression factor of
order reµreτ (mµ=vweak)(mτ=vweak)(vweak=m)2 (=1) for  ! , ee, γ, r2eµreτ (mµ=vweak)(mτ=vweak)(vweak=m)2
(=2) for  ! e, eγ and reµ(me=vweak)(mµ=vweak)(vweak=m)2 (=3) for  ! eee, eγ, where m is a mass of the
mediating Higgs scalar and vφ  vφ′  vweak = (2
p
2GF )−1/2=174 GeV. We nd that to suppress these interactions to
the phenomenologically consistent level requires a rough estimate of j1,2,3j< 10−5 [20], which can be fullled because
of m > vweak and Eq.(21) for reµ,eτ . It should be noted that there are no such Higgs interactions for quarks that
only couple to . The similar flavor-changing interactions caused by h+ [25] are suciently suppressed because of the
smallness of the h+-couplings to leptons to be estimated in Eq.(35).
B. Neutrinos
To estimate eects on the neutrino mass matrix through the rotation due to U`, we shift the original base into the
one with the diagonalized charged lepton masses, which forces us to rotate the original neutrinos (ji) into jweaki in
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the weak base by jweaki = U y` ji. The radiative neutrino masses to be denoted by mνij are generated by interactions
corresponding to FIG.2. For the sake of simplicity, we set vφ = vφ′ and mφ = mφ′ , 1 where mφ,φ′ denote the masses










− (i$ j); (23)













where the couplings of F[ij] are dened by F[ij]=(UT` fU`)ij , which result in
F[eµ] = f[eµ]; F[eτ ] = f[eτ ]; F[µτ ] = reµf[eτ ] − reτ f[eµ]: (26)
The tree level masses, mνij , are given by the type II seesaw mechanism to be:




where ffµµg = ffττg = ffµτg ( fs) and vs = h0js0j0i.
Collecting these results, we nd that our mass matrix of Eq.(2) has the following mass parameters:
a = 0; b = mνeµ = Kφ′f[eµ]m
2
µ; c = m
ν
eτ = Kφ′f[eτ ]m
2
τ ;
d = mν ; e = mν + mνµτ = m
ν +Kφ′F[µτ ]m2τ ; f = m
ν ; (28)
where mν = fsvs and m2e  m2µ,τ has been used to estimate Eq.(25). The two-loop convergent contribution shown in
FIG.1(b) to the ee mass for the a-term is well suppressed by the presence of ms contained in the propagator of s
and does not jeopardize a=0. The maximal atmospheric neutrino mixing dened by jt23j = 1 calls for the \inverse"
hierarchy of f[eµ] and f[eτ ] [28] expressed as
f[eµ]m
2
µ = −f[eτ ]m2τ : (29)
For the solar neutrino oscillations, the radiative µ-τ mixing term of F[µτ ] arises via reµ,eτ as a result of the rotation
due to the e- and e- mixings. It is this term that gives a deviation of sin2 212 from unity. The masses of neutrinos
satisfy the \normal" mass hierarchy of jm1j < jm2j  m3 determined by Eq.(4) to be:
m1 = −
p
8 + x2 − jxj
2
mνrad; m1 = 
p
8 + x2 + jxj
2
mνrad;
m3 = 2mν + xmνrad (30)
with mνrad =
q
(mν2eµ + mν2eτ )=2, where the sign of  has been adjusted to yield x = −jxj for jm1j < jm2j and x







reµF[eτ ] − reτF[eµ]
jF[eτ ]j : (31)
1Our later discussions are still valid as far as jrKφ−r−1Kφ′ j< jKφ′ j/10 for r = vφ′/vφ. For instance, a (=δmνee) is computed to
be 2(rKφ − r−1Kφ′)(reµ − σreτ )f[eµ]m2µ for f[eµ]m2µ = −σf[eτ ]m2τ , which is at most reµb/10 being harmless for our estimation,
and similarly for other elements.
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Then, m2atm, and sin
2 212 are calculated to be:

















to satisfy the constraint of Eq.(20) on the electron mass, where c` = cos ` and s` = sin `. The parameter of x turns
out to be given by
jxj = j0:07c` + 4:86s`j; (34)
where the hierarchical coupling condition of Eq.(29) has been used. For jxj = p2 corresponding to s`  0:3,
sin2 212 = 0.8 and mνrad = 3.210−3 eV are obtained. The tree level mass of mν is estimated to be  0:027 eV
for m2atm = 3  10−3 eV2. The type II seesaw mechanism yields an estimate of the mass parameter: ms (= ) =
1.21014 (jffijgj=e) GeV for vφ (= vφ′)=vweak=
p




weak for the weak boson masses, where e is
the electromagnetic coupling. From Eq.(29) for the maximal atmospheric neutrino mixing,
f[eµ]  2:9 10−5; f[eτ ]  −  10−7; (35)
together with jF[µτ ]j =
p
2jf[eτ ]j are obtained, where 0 = mφ = mφ′ = vweak and mh+ = 3vweak are used to compute
the loop-factor of Kφ′ . The masses of m1,2,3 are predicted to be:
jm1j = 2:8 10−3 eV; jm2j = 7:3 10−3 eV; m3 = 5:5 10−2 eV: (36)
IV. SUMMARY
Summarizing our discussions, we have demonstrated that the use of U(1)φ and U(1)φ′ successfully opens a window
for both sin2 223 = 1 for atmospheric neutrino oscillations and the LMA solution with sin2 212  0:8 for solar
neutrino oscillations. The mass mixings in the e- and e- entries in the neutrino mass matrix, i.e. the e-µ and
e-τ mixing masses of mνeµ and m
ν
eτ , determine the atmospheric neutrino mixing: tan 23 = −mνeτ=mνeµ and
supply solar neutrino masses proportional to mνrad (=
q
(mν2eµ + mν2eτ )=2). On the other hand, mass mixings in the
charged lepton mass matrix, i,e. the e- and e- mixing masses of m`eµ and m
`
eτ , are rotated into the electron mass
given by m`2eµ=mµ+m`2eτ=mτ and induce the mνµτ -mixing mass as eects of the rotation, which yields the deviation
of sin2 212 from unity. This induced µ-τ mixing determines sin2 212 = 8=(8 + x2) for x = mνµτ=jmνeτ j, leading to
sin2 212 = 0:8 for jxj =
p
2, which corresponds to the mixing angle of s`  0.3 that measures the  -contribution in
the electron mass as in Eq.(33). To induce the observed neutrino oscillations is thus based on the radiative mechanism
and the rotation process to get the electron mass, which can be illustrated by0












@ 0 mνeµ mνeτmνeµ mν mν + mντµ
mνeτ m
ν + mντµ mν
1
A :
Once the democratic mass structure for µ and τ as the mν-terms is realized, we can generate radiative neutrino
masses whose texture is compatible with the large solar neutrino mixing.
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TABLES






L eR µR, τR φ φ
0 h+ s
L 1 1 1 1 0 0 −2 −2
Nφ 0 −1 −2 −1 1 0 1 2
Nφ′ −1 0 0 −1 0 1 1 0
Nφ +Nφ′ −1 −1 −2 −2 1 1 2 2
Nφ −Nφ′ 1 −1 −2 0 1 −1 0 2





det s φcysφch+y φcysφ0ch+y
L 2 0 0 0 0
Nφ 0 1 2 1 0
Nφ′ 0 −1 −2 −1 0
Nφ −Nφ′ 0 2 4 2 0
φ0cysφch+y φ0cysφ0ch+y φysφc φysφ0c φ0ysφ0c
L 0 0 −2 −2 −2
Nφ 2 −1 0 1 2
Nφ′ −2 1 0 −1 −2
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